11/17/09, due Nov. 24, in class PHY 511, Quantum Mechanics I

Homework 9

Reading
LL 26, EM Ch 11, JJS 3.6.

Problem 1
A Hamiltonian of 2D harmonic oscillator has a form
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where r = (z,y) and p = —ihV = —ih(0;,0y). Find energy levels and eigenfunctions of the
oscillator. What is the degeneracy of energy levels?
Hint: Use separation of variables in Cartesian coordinates (z and y).

Problem 2
A Hamiltonian of a plane rotator has a form
L2
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where L is an operator of an angular momentum L = —ihdg. For the plane rotator in the state

U = (C cos? ¢ find

a) The energy distribution function (probabilities of having different energies) and the expec-
tation value of the energy.

b) The angular momentum distribution function and the expectation value of the angular
momentum.

Problem 3

A particle is in an infinitely deep 2D potential well of the form

0, r<a,
Ur) = { 400, 1> a.
Find an approximate energy of the ground state of the particle using variational functions
a) Wo(r) = A(a —r);
b) ¥o(r) = Bcos Z-.
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Compare the obtained results with an exact value 2.88 R?
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Problem 4

The orbital angular momentum of a particle is defined as
L=rxp, (4)

where p = —iAi'V. Starting from the definition of spherical polar coordinates (r, 0, ¢)

x = rsinfcosg,
= rsinfsing, (5)
z = rcosf

a) Show that the gradient operator can be written in terms of the unit vectors of spherical
polar coordinates as

o) 0
Tsinqﬁ(% + ;89' (6)
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b) Derive the expressions for components of the angular momentum (4) L,, L, L, in spherical

polar coordinates.
c) Derive the expression for L? = L2 + Lg + L? in spherical polar coordinates.
d) Repeat a)-c) for a two-dimensional system in polar coordinates r, ¢.

Hint: In part a) you can use the expressions for unit vectors

sinf cospx + sinfsin ¢y + cos b z,

—singX +cosopy,
= cosfcospX+ cosfsingpy —sinf z.
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