4/10/01. Due: Tuesday, April 24, 2001 (in class).

Homework 4.

Exercise 1: Real space renormalization group for one-dimensional
Ising model

Consider partition function for one-dimensional Ising model.

N
Zn(K) = Z eprZaiaH_l, (1)
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where K = J/T. Summing over Ising spins on odd sites express this partition

function in terms of ZN/Q(K). Using the found relation between K and K show
that renormalization group flow always takes system into the high temperature
phase and, therefore, there is no phase transition in 1d Ising model. Using the same
relation estimate the correlation length ¢ of 1d Ising model at very low temperatures
T < J. Compare the found correlation length with the result of exact solution.

Exercise 2: Classical XY chain

Using “exact” high temperature expansion for 1d classical XY chain
N d¢ N
Zn(K) = /H 2—71'2 exp [X’ZCOS(qéZ' — ¢it1) (2)
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find the correlation length ¢ (defined by (cos(¢, — ¥pyr)) ~ 6_%) at high "> J
and low T' < J temperatures.

Exercise 3: Ising model on hexagonal lattice

Derive the exact relation between critical temperatures of ordering of two-dimensional
ferromagnetic Ising model on triangular and hexagonal lattice.
Hint. Reproduce Kramers-Wannier duality arguments on hexagonal lattice.

Exercise 3' (not for credit): Star-triangle relation. Ising
model on triangular lattice

Derive “star-triangle” relation
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Find @ and K’ in terms of K. Use the star-triangle relation to express the partition
function of ferromagnetic Ising model on hexagonal lattice in terms of the partition
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function on the triangular lattice by summing over Ising spins on one of two sublattices
of hexagonal lattice. Use this relation and the one obtained in the exercise 3 to
derive an exact expression for ordering temperature of Ising model on triangular (or
hexagonal) lattice.

Exercise 4: Mapping of two-dimensional classical XY model
onto one-dimensional quantum model

Consider anisotropic limit of classical 2d XY model.
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where exchange in “t” direction is much larger than exchange in “space” direction
K <« 1 <« K,;. Go to the limit of continuous time. Perform Wick rotation
(replace t — t). The partition function becomes the path integral for some 1d
quantum problem. From the obtained Lagrangian of this quantum problem find
the Hamiltonian and commutation relations. What is the physical meaning of the
obtained quantum problem? We know that 2d XY model has BKT phase transition.
What is the nature of this transition in terms of corresponding 1d quantum problem?



