
May 21, 2007 Top. terms in condensed matter physics.

Exercises to lecture 1

Exercise 1

The Euclidian path integral for a particle on a ring with twisted boundary conditions is given by

Z =
∫
Dφ e

−
∫ β

0
dτ

(
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2 +i θ
2π φ̇

)
.

Using the decomposition

φ(τ) =
2π

β
nτ +

∑
l∈Z

φle
i 2π

β lτ

rewrite the partition function as a sum over topological sectors labeled by winding number n ∈ Z
and calculate it explicitly. Find the energy spectrum from the obtained expression.

Hint : Use summation formula
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Exercise 2

The classical action for a particle on a ring is given by

S =
∫

dtp

(
mφ̇2

2
− θ

2π
φ̇

)
,

where tp is some “proper” time. Reparametrizing time as tp = f(t) we have dt0 = f ′dt and
dt20 = f ′

2
dt2 and identify the metric as g00 = f ′

2 and g00 = f ′
−2. We also have

√
g00 = f ′.

Rewrite the action in terms of φ(t) instead of φ(tp). Check that it has a proper form if written in
terms of the introduced metric. Using the general formula for variation of the action with respect
to a metric (g = det gµν)

δS =
∫

dx
√

g Tµνδgµν ,

find the stress-energy tensor for the particle on the ring. Check that T00 is, indeed, the energy of
the particle.

Exercise 3

Nematic is a liquid crystal characterized by an order parameter which is the unit three-component
vector ~n = (n1, n2, n3), ~n2 = 1 with an additional condition ~n ∼ −~n. The latter means that two
unit vectors which are opposite to each other describe the same state.

What types of topological defects and textures are allowed for three-dimensional nematic?
What about two-dimensional one?
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Exercise 4

One can view a crystalline state as continuous translational symmetry broken to the subgroup of
discrete translations. Then the order parameter space should be identified (for three-dimensional
crystal) with M = G/H = R3/(Z × Z × Z).

a) What (geometrically) is the order parameter space for this system?

b) What are the homotopy groups of this manifold π0,1,2,3(M) ?

c) What types of topological defects and textures are allowed in such a system?

Exercise 5

The order parameter of superfluid 3He − A can be represented by two mutually orthogonal unit
vectors ~∆1, ~∆2. That is, at each point in three-dimensional space one has a pair of vectors with
properties ~∆2

1 = ~∆2
2 = 1 and ~∆1 · ~∆2 = 0.

a) What is the manifold of degenerate states for this system?

b) What are the homotopy groups of this manifold π0,1,2,3(M) ?

c) What types of topological defects and textures are allowed in such a system?

Exercise 6

What topological defects and textures one should expect in the ordered state of a three-dimensional
classical Heisenberg model? What changes if the order parameter is a director instead of a vector?
A “director” means a vector without an arrow, i.e., one should identify ~S ≡ −~S. The models with
a director as an order parameter are used to describe nematic liquid crystals.

Exercise 5: Topological invariant

Consider a three-dimensional unit vector field ~n ∈ S2 on a two-dimensional plane ~n(x, y) with
constant boundary conditions ~n(x, y) → ê3 as (x, y) →∞. Show that

Q =
∫

d2x
1
8π

εµν~n[∂µ~n× ∂ν~n] (1)

is an integer-valued topological invariant. Namely,
a) Show that under small variation δ~n of a vector field the corresponding variation δQ = 0.
b) Show that the integrand in (1) is a Jacobian of the change of variables from x, y to a sphere

~n and it is normalized in such a way that the area of the sphere is 1. Therefore, Q is an integer
degree of mapping of a plane (with constant boundary conditions) onto a sphere.

Hint: In b) consider the vicinity of the northern pole of the sphere only and extend your result
to the whole sphere by symmetry.
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