
3/24/09, due Apr. 2, in class PHY 680-04, Topological terms.

Homework 4

Problems with stars are not for credit and will NOT be graded.

Exercise 1: Forms on R3

Consider the oriented euclidian space R3 (with a given scalar product). Every vector ~A ∈ R3

determines a 1-form by ω1
~A
(~ξ) = ( ~A · ~ξ) and a 2-form by ω2

~A
(~ξ1, ~ξ2) = ( ~A · [~ξ1 × ~ξ2]).

Show that

a) ω1
~A
∧ ω1

~B
= ω2

[ ~A× ~B]
,

b) ω1
~A
∧ ω2

~B
= ( ~A · ~B)x1 ∧ x2 ∧ x3.

Exercise 2: Vector calculus on 3-dimensional manifold

In a 3-dimensional oriented riemannian space M , every vector field ~A(x) corresponds to a 1-form
ω1
~A

and ω2
~A

defined similarly to exterior forms in a previous exercise.
a) Show that

df = ω1
∇f , dω1

~A
= ω2

∇× ~A, dω2
~A

= (∇ · ~A)ω3, (1)

where f is a 0-form (scalar function) and ω3 is a volume 3-form on M .
b) Identify the Stoke’s formula applied to each equation in (1) with known formulae of vector

calculus.

Exercise 3: Vector calculus on 3-dimensional manifold

Using differential forms and the results of previous exercises show that

a) ∇ · [ ~A× ~B] = (∇× ~A) · ~B − (∇× ~B) · ~A,
b) ∇× (a ~A) = (∇a)× ~A+ a(∇× ~A),

c) ∇ · (a ~A) = (∇a) · ~A+ a(∇ · ~A). (2)

Hint : Use the formula for the derivative of the product of forms.

Exercise 4: Fermionic determinant in two dimensions

Let us consider two-dimensional fermions coupled to a phase field φ(x) (φ ≡ φ+2π). The Euclidian
Lagrangian is given by

L2 = ψ̄
[
iγµ(∂µ − iAµ) + imeiγ

5φ
]
ψ, (3)

where µ = 1, 2 is a spacetime index, γ1,2,5 is a triplet of Pauli matrices, and Aµ is an external
gauge field probing fermionic currents.
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We assume that the bosonic field φ changes slowly on the scale of the “mass” m. Then one can
integrate out fermionic degrees of freedom and obtain an induced effective action for the φ-field as
a functional determinant.

Seff = − log DetD, (4)

D = iγµ(∂µ − iAµ) + im eiγ
5φ. (5)

We calculate the effective action using the gradient expansion method. Namely, we calculate
the variation of (4) with respect to the φ and A-fields and use

δSeff = −δ log DetD = −Tr δ logD = −Tr δDD−1 = −Tr δDD†(DD†)−1. (6)

a) Calculate DD† for (5). Observe that this object depends only on gradients of φ-field.
b) Expand (DD†)−1 in those gradients. This will be the expansion in 1/m. (It is convenient

to introduce notation G−1
0 = −∂2

µ +m2).
c) Calculate functional traces of the terms up to the order of m0. Use the plane wave basis to

calculate the trace Tr (X̂)→
∫
d2x

∫
d2p

(2π)2 e
−i~p·~xX̂ei~p·~x.

d) Identify the variation of the topological term in the obtained expression. It contains the
antisymmetric tensor εµν and is proportional to sgn (m).

e) Remove the variation from the obtained expression and find Seff up to the m0 order.
f) Which terms of the obtained action are topological? Can you write them in terms of differ-

ential forms?

*Exercise 5: “Dangers” of chiral rotation

Try to calculate the determinant of the previous exercise using “chiral rotation trick”. Namely,
consider chiral rotation ψ → e−iγ

5φ/2ψ. Then ψ† → ψ†eiγ
5φ/2 and ψ̄ → ψ̄e−iγ

5φ/2. Use the
identity γµγ5 = −iεµνγν and anti-commutativity of Pauli matrices to show that the operator
D(Aµ, φ) transforms into

D̃(Aµ, φ) = e−iγ
5φ/2D(Aµ, φ)e−iγ

5φ/2 = D(Aµ +
i

2
εµν∂νφ, 0) = D(Ãµ, 0).

Try to calculate calculate log Det D̃ = log DetD(Ã, 0) using expansion in Ã. You will see that
the result does not match the effective action obtained in the previous exercise. Why? What one
should add to the chiral rotation trick to make the correct calculation?
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