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Homotopy theory primer

Given that some topological invariant is different for topological spaces X
and Y one can definitely say that the spaces are not homeomorphic. The
more invariants one has at his/her disposal the more detailed testing of
equivalence of X and Y one can perform. The homotopy theory constructs
infinitely many topological invariants to characterize a given topological
space. The main idea is the following. Instead of directly comparing struc-
tures of X and Y one takes a “test manifold” M and considers the spacings
of its mappings into X and Y, i.e., spaces C'(M, X) and C(M,Y). Studying
homotopy classes of those mappings (see below) one can effectively compare
the spaces of mappings and consequently topological spaces X and Y.

It is very convenient to take as “test manifold” M spheres S™. It turns
out that in this case one can endow the spaces of mappings (more precisely
of homotopy classes of those mappings) with group structure. The obtained
groups are called homotopy groups of corresponding topological spaces and
present us with very useful topological invariants characterizing those spaces.

In physics homotopy groups are mostly used not to classify topological
spaces but spaces of mappings themselves (i.e., spaces of field configura-
tions).

4.1 Homotopy

Definition Let I = [0,1] is a unit closed interval of R and f : X — Y,
g : X — Y are two continuous maps of topological space X to topological
space Y. We say that these maps are homotopic and denote f ~ g if there
exists a continuous map F : X x I — Y such that F(z,0) = f(z) and
F(x,1) = g(z). The map F itself is called a homotopy between f and g.

~ is an equivalence relation in the space of mappings (symmetric, reflec-
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tive, and transitive) and therefore all mappings can be divided in homotopy
classes of homotopic mappings.

4.2 Zeroth homotopy group
Let us start with mappings of a single point into a topological space X. A set
of homotopy classes of these mappings is denoted my(X) and is sometimes
called zeroth homotopy groupy.

It is easy to see that if the mappings f(-) and g¢(-) belong to the same
connected component of X the mappings f ~ g are homotopic. Therefore,
mo(X) is nothing else but the set of connected components of X. Zeroth
homotopy group is trivial mo(X) = 0 iff X is a connected space. For example,

70(SO(3)) = 0, (4.1)
70(0(3)) = Z. (4.2)

Here Z; is a group consisting of 1 and —1 with multiplication as a group
operation

Zy = {1,-1}.

4.3 Fundamental group

A fundamental group or a first homotopy group is a group of homotopy
classes of closed paths with a given base point.

4.3.1 Paths

e Directed path

e Product of paths

e Inverse path

e Equivalence of paths

e Set of classes of equivalent paths

e Group structure on the set of homotopy classes of equivalent paths
e Fundamental group

e Homotopic invariance of the fundamental group

e Independence on the base point

e Examples

t The name is misleading as generally there is no group structure in 7o(X). However, in some
cases, e.g., when X is group itself, mo(X) can be a group.
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4.3.2 Homotopy type

Definition: Topological spaces X and Y are of the same homotopy type
(X ~Y), if there exist continuous maps f: X — Y and g : Y — X such
that fog ~idy and go f ~ idx.

~ is an equivalence relation in the set of topological spaces

If X and Y are homeomorphic, they are also of the same homotopy type
but the converse is not true. For example the line is of the same homotopy
type as a single point R ~ - but they are not homeomorphic.

Two topological spaces of the same homotopy type have the same funda-
mental group.

Theorem: Let X and Y be topological spaces of the same homotopy
type. If f: X — Y is a homotopy equivalence, 71 (X, z¢) is isomorphic to
m1 (Y, f(x0)).

In fact, generally if X ~ Y there is a one-to-one correspondence between
homotopy classes of continuous mappings from a topological space K to X
(i.e., [K, X]) and [K,Y].

It immediately follows from this theorem that the fundamental group is
invariant under homeomorphisms, and hence is a topological invariant.

A very useful concept for calculation of homotopy groups is a deformation
retract. A subspace R C X is a deformation retract of X if there exists a
homotopy of idx : X — X and f : X — R such that all points of R are
fixed during the deformation.

R and X are of the same homotopy type R ~ X and, therefore, their
fundamental groups are isomorphic.

For example a circle S! is a deformation retract of the plane with a
punched point R?\- and therefore

m(R*\") = m (S = Z.

If a point of X is a deformation retract of X the space X is called con-
tractible (space X can be contracted to a point). In this case the funda-
mental group of X is trivial m1(X) = 0. If connected space X has a trivial
fundamental group 71(X) it is called simply connected.

4.4 Fundamental group: examples and simple properties

Let us list some examples of fundamental groups of different manifolds.
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4.4.1 R*, C", and D"
All these spaces are contractible and, therefore, have trivial fundamental
group
T (R") = m(C") = m(D") = 0. (4.3)

4.4.2 Spheres S™ for n > 1

Every loop on S™ with n > 1 can be contracted to a point. Therefore,

m(S") =0, forn> 1. (4.4)

4.4.3 Circle St
As we already know from the example of a particle on a ring the fundamental
group of circle is the group of integer numbers

7T1(Sl) =Z. (45)

The mappings ¢ : S — S can be divided in topological classes so that two
mappings can be smoothly deformed one into another if and only if they
belong to the same topological class. These mappings are labeled by integer
number W — the winding number of the mapping and form a group

b dt
W= / APy (4.6)
0 2
where ¢(t) is defined on t € [0, 5] with periodic boundary condition e*¢(?) =
£i6(0)

The product v, - v1 of paths 1 and ~» characterized by W; and W5 is
characterized by W = Wy 4+ W,

4.4.4 Rubber band around the pole R*\R'

The space R?\R! is of the same homotopy type as S* (S is a deformation
retract of that space). Therefore,

i (R*\RY) = m(R*\") = m (SY) = Z. (4.7)

4.4.5 Plane with two punctures and bouquet of circles
R2\{x1, 22} ~ St v St
The two-dimensional plane R? with two punctures (subtracted points z;
and x2 has a bouquet of two circles as a deformation retract. The bouquet



28 Homotopy theory primer

of circles is the space made out of several circles with one common point. It
is easy to see that

1 (R*\{z1,22}) = 11 (S v S1) = Free(a, b). (4.8)

Here Free(a,b) is a free group generated by two generators a and b. Each
word: a™b™ ... a"kb™* is a new element of the group with product defined
as a concatenation of words. One can take as generators, e.g., the classes of
the path with winding number 1 going around the first circle and a similar
path around the second circle.

Notice that this fundamental group is non Abelian: ab and ba are different
words.

4.4.6 Free homotopy classes of loops and importance of the base
point

The presence of the base point xg in the definition of the fundamental group
is essential although the fundamental group itself does not depend on that
base point (for connected X).

If one omits the base point one should consider instead of a fundamental
group the set of homotopy classes of mappings of S! into X, i.e., the set
[S1, X]. This set in general does not have a group structure. It is called free
homotopy classes of loops on space X.

4.4.7 Real projective plane RP?

m(RP?) = m\(S?/Zs) = Z». (4.9)

4.-4.8 The free action of a discrete group on a simply connected
space

One can generalize the example of RP? to the case where some discrete
group I freely acts on a simply connected topological space X. In this case

m(X/T) =T,  if m(X)=0. (4.10)

4.4.9 RP"

T (RP") = (8" ) Zs) = Z. (4.11)
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4.4.10 Two- and higher-dimensional tori

The mappings (topological classes) of circle into two-dimensional torus are
labeled by two integers — two winding numbers of circle around torus cycles
(see Fig.). One can write

m(TH=m(S' xS =2 Z (4.12)
In general if manifold M is a direct product M = My x Ms then it is true
that

’/Tl(M) = 7T1(M1 X Mg) = 7T1(M1> & 7T1(M2).

n

Applying this rule recursively to the n-dimensional torus 7" = S' x §* x ... x St.

we obtain

n

mT)=202..02. (4.13)

4.4.11 Compact groups

One can think of SO(3) as of three-dimensional ball of radius 7 so that
each point of this ball corresponds to a rotation around radius-vector of
that point over the angle equal to the length of that radius-vector. Points of
this ball are in almost one to one correspondence with the rotations of three-
dimensional space except for the points on the surface of the ball. The points
on surface correspond to the angle 7 rotations around different axes and,
obviously, 7 rotations around oppositely directed axes (i.e., rotations by =
and —7 around the same axis) are the same. Therefore, the opposite points
on the surface of the ball must be identified. The manifold obtained in this
identification is called RP? (three dimensional real projective space). There
are only two topological classes of mapping of circle into such a manifold.
They correspond to the mappings shown in Fig. We write:

71(SO(3)) = m (RP3) = Z,. (4.14)

Here Z5 is a group consistent of two elements. It can be thought of the group
of integers modulo 2 with respect to addition or as of the group {1, —1} with
respect to multiplication.

4.4.12 Non-Abelian fundamental group. Riemann surface of
genus 2

So far all considered fundamental groups were Abelian groups. This is not
always the case and here we give an example of non-Abelian fundamental
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group. If My—s is a two-dimensional Riemann surface of genus 2 (sphere
with two handles) we have

7T1(Mg:2) = {ai, bi;i = 1, PN 4}/{a1b1a2b2 = b4a4b3a3}. (4.15)

Here {a;,b;;i = 1,...4} is a free group generated by eight generators and
identification a1byasby = byaysbsas is performed in (4.15). We refer the reader
to textbooks in bibliography to find out how this result was obtained as well
as for generalization to the Riemann surfaces of higher genus.

4.4.13 Non-Abelian fundamental group. Klein bottle.
m(K) = {z,y}/{zyzy~' =1},

4.5 Fractional statistics of quantum particles

In this section I follow Ref. [Wu], where more details can be found.
The configuration space of n identical particles in d-dimensional space R%
is given by

K = (R"\D)/P,. (4.16)

Here, P, is a permutation group of n elements and D is the “diagonal” —
configurations where positions of at least two particles coincide. D is defined
as {(r1,...,rn)|r; = r; for some i # j}. We have subtracted the diagonal D
because we assume that particles are not penetrable.

Topological theta term exists if the fundamental group of the configuration
space is non-trivial. We have 71 (R"\ D) = 0 for d > 3. Therefore,

T (K) = Py, for d > 3. (4.17)

The only one-dimensional unitary irreducible representations of permutation
group P, are totally symmetric representation (all elements are represented
by unity) and totally antisymmetric (element o — (—1)(?) where P(o) is
the parity of the permutation o). The former corresponds to Bose statistics
of particles while the latter to Fermi statistics. We conclude that in spatial
dimension three and higher the only allowed statistics are Bose and Fermi.

However, in two dimensions d = 2 the space R"\D is not simply con-
nected. In this case

T (K) = By, for d = 2, (4.18)

where B,, is the braid group.
The braid group of n strands can be formally defined as the group formed
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by n —1 generators o, j = 1,2,...,n—1 with the following relations (braid
or Artin relations) (1) 00 = 005, if |Z — j| > 2, (ii) 0;0i410; = 04100441
fori=1,2,...,n—2.

It immediately follows from these relations that the one-dimensional uni-
tary irreducible representations of B,, are labeled by ¢ with § € [0,27) so
that o; — € fori =1,2,...,n— 1.

Particular cases e = +1 (0 = 0,m) correspond to previously considered
Bose and Fermi statistics of particles respectively. In general, the statistics
of particles in two spacial dimensions can interpolate between Bose and
Fermi statistics and is called -statistics (or anyonic statistics).

4.6 Higher homotopy groups

Let us consider a disk D" with the boundary D" = S"~!. Topologically
one can think of the disk as of hypercube I x I'...x I = I", where I = [0, 1].
We consider the continuous mappings of the disk D™ into the topological
space X, i.e., f: D™ — X subject to a condition that the boundary of the
disk is mapped onto a fixed point f(0D") = z¢ € X.

A set of homotopy classes of such mappings forms n-th homotopy group
of the topological space X and is denoted 7, (X; o).

If (t1,...,tn) € I™ we define a group structure on m,(X;xo) through the
representative mappings of homotopy classes defining the product

pone={ o, wesie G
the unity
e(t) = xo, (4.20)
and the inverse element
) = f1—tito,.. . tn). (4.21)

One can prove that the above definitions of group operations is preserved
by homotopies and, therefore, define a group structure on 7, (X; o).

Theorem: Higher homotopy groups (m,(X;xzg) for n > 2) are Abelian
groups.

One can prove this theorem showing that for any mappings o« and 3 from
D" to X with boundary mapped to x( there is a homotopy of the mapping
« - to the mapping (- a.
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As in the case of fundamental group one can show that the higher homo-
topy groups do not depend on the choice of the base point x¢ provided the
space X is connected. Therefore, one can use the notation m,(X).

Also we have the following theorem.

Theorem: If topological spaces X and Y are of the same homotopy type
X ~ Y all their homotopy groups are the same (isomorphic) 7, (X) = m,(Y")
foralln=1,2,....

For the direct product of topological spaces we have

Tn(X xXY) =7 (X) x m,(Y). (4.22)

4.7 Higher homotopy groups: examples and simple properties
4.7.1 R", C", and D"

All these spaces are contractible and, therefore, have trivial homotopy groups
7T1(Rn) :71’@'(0”) :Wi(Dn) =0. (4.23)

This is true for 7 > 1.

4.7.2 Topology of S?

Consider the mapping S? — S? explicitly given by (¢, p) with 7 € S?
parameterizing the target sphere and ¢, p are the local coordinates on the first
sphere. There is an infinite number of homotopy classes of such mappings
labeled by a topological invariant degree of mapping - an integer number k
given by:

s

1
k= / P —e"ii - (0,7 x Dy . (4.24)
S2

One can easily show that the variation of k with respect to 7i(¢, p) is zero.
This means that the value k£ does not change under small variations of 7
i.e., it is a topological invariant.

Let us consider the integrand around the point in x-space where 71 =
(0,0,1). We write i = (uy,uz, 1) and obtain q(Z) = &e"ii - [9,7 x 0,7 =

1 v _ 1 O(u1,u2) . . . A
=010, us = - o) One easily recognizes in the last expression

the Jacobian of a transformation from the local coordinates p,t to the local
coordinates w1, us on the target sphere. Therefore k is the number of times
the vector i sweeps over the target sphere S2. This shows that k is an
integer.

It can be proven that two mappings of the same degree k are homotopic.
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Also, the degrees of mappings are added if mappings are multiplied. There-
fore,

m9(S?) = Z. (4.25)

4.7.3 Homotopy groups of spheres m;(S™) for i <n

It is easy to argue that every i-loop on S™ with ¢ < n can be contracted to
a point. Therefore,

mi(S") =0, fori < n. (4.26)

4.7.4 Homotopy groups of spheres m;(S™)

The formula (4.25) can be generalized to higher dimensions. The homotopy
classes of S — S™ are labeled by the degree of mappings and form a group
of integer numbers

™™ (S") = Z. (4.27)
The explicit formula (4.24) can also be generalized

1
k= T ) A"z eul...unﬂ_o(?#lﬂ.l . 8Hn7Tn- (4.28)
n n

Here (7%, 7!,...,7") € S" (#2 = 1) and A,, is some normalization constant
(fix it!).

The calculation of homotopy groups of spheres m;(S™) for i > n is a very
difficult problem which stimulated the development of topology but have
not been solved in general to this point. One of highly non-trivial results is

m3(S%) = Z. (4.29)

This result belongs to Hopf and the integer number labelling homotopy
classes in this case is called Hopf invariant (see Sec.?? for more details).
The integer number is a linking number of preimages of two arbitrary points
from the target S2.

In these lectures we use only some homotopy groups of spheres. We list
these groups for convenience in the following table.
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stosr 83 S S5 56 57

S 0 0 0 0 0 0
my 0 Z 0 0 0 0 0
m 0 Z Z 0 0 0 0
o 0 Zy Zy Z 0o 0 0
s 0 Zy Zy Z Z 0 0
me 0 Zig Zio Zo Zy Z 0
w0 Zo Loy L D®Lio Ly Ly Z

The important property, so-called stability of homotopy groups, is that
Ttk (S™) is the same for all n > k + 2.

4.7.5 Homotopy groups of Lie groups

Some examples of homotopy groups of Lie groups are given in the appendix
1.

4.7.6 Other spaces

I have listed examples of homotopy groups of some topological spaces used
in physics in the appendix 1.

4.8 Exercises

Ezercise 1: Topological invariant: S?> — S?

Consider a three-dimensional unit vector field 7 € S? on a two-dimensional plane
7i(x,y) with constant boundary conditions 7i(x,y) — és as (z,y) — oco. Show that

1
Q- / P 0, x 0,7 (4.30)

is an integer-valued topological invariant. Namely,

a) Show that under small variation 07 of a vector field the corresponding variation
0Q = 0.

b) Show that the integrand in (4.31) is a Jacobian of the change of variables from
x,y to a sphere 7 and it is normalized in such a way that the area of the sphere is
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1. Therefore, @ is an integer degree of mapping of a plane (with constant boundary
conditions) onto a sphere.

Hint: In b) consider the vicinity of the northern pole of the sphere only and
extend your result to the whole sphere by symmetry.

Exercise 4.2: Topological invariant: S — S3 Consider a three-dimensional
unit vector field # € S® on a three-dimensional space 7(z, 3, z) with constant bound-
ary conditions 7(z,y, z) — (0,0,0,1) as (z,y, 2z) — co. Show that

Q= A/dzx etrAeabedrag m9, meoyme (4.31)

is an integer-valued topological invariant with properly chosen normalization con-
stant A. Namely,

a) Show that under small variation 07 of a vector field the corresponding variation
0Q = 0.

b) Show that the integrand in (4.31) is a Jacobian of the change of variables from
x,y, z to a sphere 7 up to normalization.

¢) Choose A so that it is normalized in such a way that the area of the 3-sphere is
1. Therefore, Q) is an integer degree of mapping of a space (with constant boundary
conditions) onto a 3-sphere.

Hint: In b) consider the vicinity of the northern pole of the 3-sphere only and
then extend your result to the whole 3-sphere by symmetry.

Exercise 4.3: Topological invariant: S™ — S™ Generalize the results
of previous exercises. Write down an explicit formula for the degree of mapping
S™ — S™ with correct normalization factor.
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