
Physics 501 final exam  Answers  Monday December 17, 2012, 8:00 – 10:45 am 
 
1. 2d Kinematics; rigid body.  A stick has mass M and moment of inertia I.  It is 
oriented along the y‐direction.  It is free in the xy plane, but has zero kinetic energy 
for times t < 0.   The center of mass of the stick is at (x,y)=(0,0) for t < 0. 
 
a. At time t = 0 it experiences an impulsive force Fx = P0 δ(t),  Fy = 0.  This force is 
localized at a point on the stick with y‐coordinate equal to y0.  What is the energy of 
the stick at t > 0? 
 
A. The impulse 

  

€ 

dt∫
 
F = P0 ˆ x  causes a change in x‐momentum from 0 to P0, or a 

change in linear kinetic energy of P02/2M.  There is also an angular impulse 

  

€ 

dt∫  r ×
 
F = y0P0 ˆ z .  This causes z‐angular momentum to increase from 0 to y0P0.  So 

there is angular kinetic energy also, and the total 

€ 

KE = P0
2 /2M + y0

2P0
2 /2I . 

 
b. Suppose the source of the impulse was a collision [this should have said, “an 
elastic collision”] with a particle of mass m, which was moving in the xy plane, in 
the x direction.  In terms of P0, y0, m, M, and I, what was the initial velocity v0 of this 
particle? 
 
B. Linear momentum is conserved, 

  

€ 

 p 0 =
 p f + P0 ˆ x .  Since the incident particle’s 

momentum   

€ 

 p 0  was in the x‐direction, its final momentum   

€ 

 p f  is also in the x‐
direction.  So momentum conservation gives us one equation for two unknowns.  z‐
angular momentum is also conserved, 

€ 

y0p0 = y0pf + y0P0.   This does not give any 
additional information.  We have to use energy conservation, 

€ 

p0
2 /2m = pf

2 /2m + P0
2 /2M + y0

2P0
2 /2I .  Combining energy and momentum 

conservation equations, we find 

€ 

v0 = p0 /m = ( 1

2M
+
1

2m
)P0 + y0

2P0 /2I . 

 
2. Dynamics; rigid body.  Suppose a rigid body has three unequal principle 
moments of inertia, I1 < I2 < I3.  Show that free rotations (no forces) around an axis 
close to the I1 or I3 axes are simple, but around an axis close to I2, the body evolves in 
a more complicated way.  
 
A.  This was done in Landau and Lifshitz, and in class.  The kinetic energy in the 
inertial frame of the center of mass is 

€ 

E = L1
2 /2I1 + L2

2 /2I2 + L3
2 /2I3.  The (vector) 

angular momentum is also conserved, but the components 

€ 

(L1,L2,L3) are not 
separately conserved, since they are changing in time as the rigid body rotates.  
However, the magnitude, which is conserved, is a function of the components, 

€ 

L2 = L1
2 + L2

2 + L3
2 .  In 

€ 

(L1,L2,L3)‐space, L2 is a sphere and 2I1E is an ellipsoid.   The 
conservation laws constrain the motion to the intersection of the sphere and 
ellipsoid.  If at some time, 

€ 

L2
2 << L1

2 and 

€ 

L3
2 << L1

2 , then the sphere L2 is barely 
intersecting the ellipsoid in the directions of its shortest axis, and motion is confined 



to this region.  The vector 

€ 

(L1,L2,L3) is approximately 

€ 

(L1,0,0).  This is stable 
rotation around the axis of least inertia.  If at some time, 

€ 

L1
2 << L3

2  and 

€ 

L2
2 << L3

2 , then 
the sphere L2 is barely intersecting the ellipsoid in the directions of its longest axis, 
and motion is confined to this region.  The vector 

€ 

(L1,L2,L3) is approximately 

€ 

(0,0,L3) .  This is stable rotation around the axis of greatest inertia.  In the 
intermediate case, the intersection is not confined to the vicinity of the intermediate 
axis, so the motion is not a simple rotation with 

€ 

(L1,L2,L3) approximately 

€ 

(0,L2,0).  
This is unstable rotation around the axis of intermediate inertia. 
 
Alternate proof:  Many students wrote the Euler equations of motion.  Only one 
successfully used these to prove the required behavior. 

 



 
 
  
3. Normal modes of vibration.  Three equal masses m are interconnected on a 
circle by identical massless springs of force constant k.  The unstretched springs 
have length a.  The circle has circumference 3a.  The masses are constrained to 
move in a circle, and the springs similarly constrained, bending to conform to the 
circle.  The problem is to determine the normal mode frequencies, and to draw 
pictures to illustrate the corresponding eigenvectors. 
a. One solution of Newton’s laws is “trivial.”   Explain what it is.  Explain what is the 
corresponding eigenvector.   
b. Find other solutions by any method you like.  For example, you can guess.  Or you 
can exploit the fact that the remaining eigenvectors are orthogonal to the trivial one, 
which enables you to write Newton’s laws in the non‐trivial subspace as a 2 x 2 
matrix.  
A. The system, and a particular choice of normal mode eigenvectors, is shown below. 



 

 

 
 
4. Spherical pendulum.  This is a point mass that moves under gravity (g) in two 
dimensions.  [Note: this could have been stated better: “in three dimensions, with 
two degrees of freedom.”]  Think of a massless stick of length R, attached at one end 
to the origin, but free to move to any angle.  A point mass m is at the far end. 
 
a.  Choose appropriate coordinates and write the Lagrangian.  Use this to write the 
equations of motion.  
b.  Find the conjugate momenta and derive the Hamiltonian from them.  Use this to 
write the equations of motion. 
c. Show how the problem can be reduced to one‐dimensional motion in an effective 
potential, whose parameters depend on initial conditions.  What is this effective 
potential, and what initial conditions need specification? 
d. Now replace the point mass by a sphere of radius r (where r < R/2).  Suppose the 
sphere can rotate around the axis defined by the stick.  This axis passes through the 



center of the sphere.  (The moment of inertia of a sphere around its axis is 2mr2/5.) 
Repeat the exercise in part a. 
 
A.  Relevant coordinates are θ and φ.  Later, when the 
rotating sphere replaces the point mass, the angle ψ will 
also be needed.  The Lagrangian and the equations of 
motion are 

 
 
B. Conjugate momenta and the Hamiltonian are 

 
Hamilton’s equations of motion are 

 
C.  The angular momentum Lφ = pφ is a constant of the motion, so the variable φ can 
be eliminated.  The equation for θ can then be written in two ways, the second one 
being the first integral of the first, 

 
The initial conditions 

€ 

(θ, ˙ θ ,φ, ˙ φ )  determine the numerical value of pφ. 
 
 
 
D. No student got this part completely right. 



 
The rest of the problem is straightforward, once kinetic energy is correctly 
formulated. 
 
 
5. Canonical transformation Here is an F2 – type generating function (Φ – type in 
Landau‐Lifshitz notation): 

€ 

F2(q,P) = 1
2 P

2 + 1
2 imωq

2 + 2imω  qP .  Applied to a 
harmonic oscillator, it is quite a lot like the familiar raising/lowering operator 
algebra used in the quantum treatment.  The Hamiltonian is 

€ 

H = p2 /2m + mω 2q2 /2 .   
 
a. Solve for q = q(P,Q) and p = p(Q,P). 
b. Find the new Hamiltonian and the equations of motion for Q and P. 
c. Solve the equations of motion for Q and P, with initial conditions q(0)=A and 
p(0)=0. 
d. Find q(t) and p(t). 



A. 

 
 
6. Downhill flow A layer of fluid flows steadily downhill under gravity.  The layer 
has thickness h, on top of a surface inclined by 
angle α.  At the top surface, the pressure P0 can 
be taken to be zero (the flow takes place in 
vacuum.)  The boundary condition on the top 
surface is that the stress, ηdvx/dz, vanishes.  
The transverse dimension (y) is sufficiently 
long that we neglect any boundary effects in 
this direction and treat the problem as two 
dimensional. 
 
a. What is the boundary condition on the lower surface (z=0, where the fluid touches 
the incline)? 
b. Write the Navier‐Stokes equation.  Simplify it to a one‐dimensional differential 
equation.  Certain terms are zero.  Explain why. 
c. Find the solution that obeys the two boundary conditions. 
d. Find the total discharge Q (in the x direction) per unit length (in the y‐direction). 
e. Compute the discharge Q (in liters/m s) for water (viscosity η = 1.00 x 10‐3 Pa s, 
density ρ = 1.00 g/cm3) if the height is 0.4cm and the angle is α = 1.7o (sin 1.7o = 
0.03).  [1 liter = 10‐3 m3 = 103 cm3] 
A. On the lower surface, the velocity is zero, vx(z=0)=0. 
 
 



 

 


