
1a. (3 points) 

𝐿 =
1

2
𝑚(𝑥̇2 + 𝑦̇2 + 𝑧̇2) +

𝑞𝐵

2
(𝑥𝑦̇ − 𝑦𝑥̇) 

𝑚𝑥̈ = 𝑞𝐵𝑦̇   𝑚𝑦̈ = −𝑞𝐵𝑥̇   𝑚𝑧̈ = 0 

𝑚
𝑑𝑣⃗

𝑑𝑡
= 𝑞𝑣⃗ × 𝐵⃗⃗ 

1b. (3 points) 

𝑑

𝑑𝑡

𝜕𝐿′

𝜕𝑥𝑖̇
=

𝑑

𝑑𝑡

𝜕𝐿

𝜕𝑥𝑖̇
+ 𝑞

𝑑

𝑑𝑡

𝜕

𝜕𝑥𝑖̇
[∇⃗⃗⃗𝜑(𝑟) ∙ 𝑣⃗] =

𝑑

𝑑𝑡

𝜕𝐿

𝜕𝑥𝑖̇
+ 𝑞

𝑑

𝑑𝑡

𝜕𝜑

𝜕𝑥𝑖
 

𝜕𝐿′

𝜕𝑥𝑖
=

𝜕𝐿

𝜕𝑥𝑖
+ 𝑞

𝜕

𝜕𝑥𝑖
[∇⃗⃗⃗𝜑(𝑟) ∙ 𝑣⃗] =

𝜕𝐿

𝜕𝑥𝑖
+ 𝑞 [∇⃗⃗⃗

𝜕𝜑

𝜕𝑥𝑖
∙ 𝑣⃗] 

𝑑

𝑑𝑡
𝐴 =

𝜕

𝜕𝑡
𝐴 + 𝑣⃗ ∙ ∇⃗⃗⃗𝐴 

𝜕

𝜕𝑡

𝜕𝜑

𝜕𝑥𝑖
= 0 

∴ equation unchanged. 

1c. (3 points) 

𝑅 =
𝑚𝑣

𝑞𝐵
≈ 1 × 10−4 𝑚 

1d. (3 points) 

𝐿 =
1

2
𝑚(𝜌̇2 + 𝜌2𝜑̇2 + 𝑧̇2) +

𝑞𝐵

2
𝜌2𝜑̇ 

1e. (3 points) 

𝐸 =
1

2
𝑚(𝑥̇2 + 𝑦̇2 + 𝑧̇2) 

𝐸 =
1

2
𝑚(𝜌̇2 + 𝜌2𝜑̇2 + 𝑧̇2) 



1f. (3 points) 

𝐸 =
1

2𝑚
((𝑝𝑥 +

𝑞𝐵

2
𝑦)2 + (𝑝𝑦 −

𝑞𝐵

2
𝑥)2 + 𝑝𝑧

2) 

𝐸 =
1

2𝑚
(𝑝𝜌

2 + (
𝑝𝜑

𝜌
−

𝑞𝐵

2
𝜌)2 + 𝑝𝑧

2) 

1g. (3 points) 

𝜕𝐿

𝜕𝑞𝑖
= 0 →  

𝑑

𝑑𝑡

𝜕𝐿

𝜕𝑞𝑖̇
= 0 →  𝑝𝑖 =

𝜕𝐿

𝜕𝑞𝑖̇
= 𝑐𝑜𝑛𝑠𝑡. 

𝑝𝑧 conserved in Cartesian system 

𝑝𝑧, 𝑝𝜑 conserved in cylindrical system 

2a. (3 points) 

𝑆 =
𝑚𝐷2

2𝑇
 

2b. (3 points) 

𝑥 = 𝑅(1 − cos (𝜔𝑡)) 

𝑦 = 𝑅sin (𝜔𝑡) 

𝑧 =
𝐷

𝑇
𝑡 

helix, R arbitrary, 𝜔 =
𝑞𝐵

𝑚
 

2c. (3 points) 

𝑆 = ∫ 𝑑𝑡[
1

2
𝑚

𝑇

0

(𝑥̇2 + 𝑦̇2 + 𝑧̇2) +
𝑞𝐵

2
(𝑥𝑦̇ − 𝑦𝑥̇)] 

𝑆 = ∫ 𝑑𝑡[
1

2
𝑚

𝑇

0

(𝑅2𝜔2 +
𝐷2

𝑇2
) +

𝑞𝐵

2
𝑅2𝜔(cos (𝜔𝑡) − 1)] =

𝑚𝐷2

2𝑇
 

Helixes with arbitrary radius are allowed paths as well as straight line. 



3.	
  Mechanical	
  Similarity.	
  	
  Charged	
  particle	
  in	
  a	
  magnetic	
  field.	
  	
  Suppose	
  not	
  just	
  
distance	
  and	
  time,	
  but	
  other	
  quantities	
  are	
  scaled.	
  	
  What	
  can	
  you	
  learn	
  from	
  this	
  
“mechanical	
  similarity”	
  about	
  the	
  behavior	
  of	
  the	
  charged	
  particle	
  in	
  a	
  magnetic	
  field?	
  
Consider	
  the	
  Lagrangian:	
  

  

€ 

L =
1
2

m v 2 +
qB
2

r2 ˙ φ 	
  

When	
  distances	
  are	
  scaled	
  by	
  α	
  and	
  times	
  by	
  β,	
  this	
  becomes	
  

  

€ 

ʹ′ L =
1
2

m α 2

β2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
 v 2 +

qB
2

α 2

β

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ r2 ˙ φ 	
  

This	
  shows	
  that	
  distance	
  scaling	
  without	
  time	
  scaling	
  gives	
  similarity.	
  	
  This	
  agrees	
  with	
  our	
  
known	
  view	
  that	
  circular	
  orbits	
  exist	
  with	
  any	
  radius,	
  but	
  velocity	
  and	
  frequency	
  have	
  their	
  
ratio	
  altered	
  by	
  a	
  factor	
  α.	
  	
  The	
  most	
  physical	
  new	
  thing	
  to	
  scale	
  is	
  magnetic	
  field,	
  

€ 

B→γB .	
  	
  
Then	
  

	
  	
  
  

€ 

ʹ′ ʹ′ L =
1
2

m α 2

β2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
 v 2 +

qB
2

γα 2

β

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ r2 ˙ φ 	
  

Now	
  we	
  see	
  that	
  if	
  γ = 1/β,	
  then	
  time	
  can	
  also	
  be	
  scaled	
  inversely	
  with	
  field.	
  	
  The	
  frequency	
  
will	
  go	
  linearly	
  with	
  B.	
  	
  If	
  instead	
  of	
  

€ 

B→γB ,	
  we	
  used	
  

€ 

q→γq	
  or	
  

€ 

m→m /γ ,	
  we	
  would	
  also	
  get	
  
time	
  scaling,	
  and	
  the	
  frequency	
  would	
  scale	
  with	
  q	
  and	
  inversely	
  with	
  m.	
  	
  So	
  we	
  learn	
  that	
  
the	
  cyclotron	
  frequency	
  is	
  

€ 

ω c = qB /m .	
  	
  	
  

Mechanical	
  similarity	
  is	
  just	
  a	
  nice	
  version	
  of	
  dimensional	
  analysis.	
  
	
  


