Physics 501 solutions to HW7

problem 1. (5 points)

(1a) $=¢z

(1b) 5: 0 cos ¢ + 0sin ¢

(1c) J:¢cos€2+¢sin9sin¢i—1/}sin0cos¢g)
hence

(2a) Q, = O cosd + sinhsin ¢

(2b) Qyzésinqb—l/}siné’cosgb

(2¢) Q. = ¢ +cosh

problem 2. (5 points + 5 points) See next page.

problem 3. (10 points)

(3a) LD 4 (I3~ )23 =0
(3b) L% (I - I3)Q30: =0
(3¢) LY 4 (I, — )29 =0
(4a) 08 = £-l0,0,04
(4b) 0% = B200,0,04
(4c) Q3% = L0 0,04

1d ~ ~ 0003
Z2(Q-0) =
yar ) Lo];

For a symmetric top (I3 = Is#13), we already have
Iy =1=Yma3, I3 =0),

(6a) T4 — 10,03 =0
(6b) I42 4+ 1030, =0
We still have %%(ﬁ ) =0

(I} — D)3 + (Iy — I3)I? + (I3 — 1)) I3]

%ﬁ@ -(}) = 0. For a rotator (I; =



2. Define the earth to be a symmetric top, and the “north pole” to mean the
symmetry axis (x3) of the earth. It is inclined by an angle 0 relative to the angular
momentum vector L of the earth. The angular velocity vector Q is inclined by an
angle x relative to the angular momentum vector L. The deviation (I3-11)/I1 from
spherical symmetry of the earth is 0.0033. The earth’s angular velocity vector,
projected onto the earth’s surface, is about 5 m from the north pole. The earth’s
radius is about Re=6.37 x 10°m.

a. For free rotations of a symmetric top,
show that ¢sin y =1)sin(6 - ).
Answer: This is just the statement that B /0
the red lines on the drawing to the right P R |/
have equal length. That follows because [ [
the parallelogram defined by the

vectors gband 1;; is Split into two \ _/;/, N — )
equivalent triangles by the Q vector. ) ’ )

b. How large is x for the earth, and how N
far from the angular velocity vector is o
the angular momentum vector of the
earth (both vectors considered just as
points near the pole where they
intersect the earth’s surface.)
Answer: The earth’s angular velocity (1 revolution per day) is 2,. The component

7,7) of this is small, ¢ = (1-1,/1)Q, = -0.0033Q2,. The minus sign tells us that y is
negative - the Q vector tilts to the left of the M vector (the space Z axis.) The

remaining part, 1.0033Q2,, comes from the ¢ - component, ¢pcosf. We are given

|9 - X| =5m/R, ~0.8 x10°rad. We can calculate y by using

¢sin y =1sin(8 — x) ~ (0.0033Q,)(0 - x) (using the small angle approximation for the
sine.) Since ¢cos@ =1.0033Q; = ¢cos(6 — x + x) = pcos x (this follows from 6 — x
being very small), we can divide the formula for ¢sin x by the formula for ¢cos ¥,
obtaining tan y = (0.0033Q,)(6 — x)/1.0033Q2;, which tells us that

x=(0.0033)(0 — ) = 3 x 10~ radians. Projected to the surface of earth, the angle ¥

subtends (0.0033)(5m) =1.7cm. These are all remarkably small numbers. The
angular precession of the rigid earth is very hard to observe.



