Physics 555 Fall 2007
Second quantized notations and conventions

1. A complete single-particle basis set {y, (F)} isindicated herein the “r-representation.
The notation ﬂ n>} denotes the same set of states in a representation-independent way.
The notation n is meant to indicate a complete set of quantum numbers, including spin,
needed to specify the state. The connection formula y,(F)=(F|n) goes from
representation-independent form to the r-representation.

2. For a system of Fermions, a complete set of many-particle basis functions is indicated
by {¥,, (F.,F,, )} where any given member of this set is an antisymmetrized product or

Slater determinant, of the single particle states Al (7, w,(F,)-+-], and the subscripts 1, 2,
are short-hand for a set of quantum numbers ny, n, labeling single particle states. Similar
to the single-particle case, these states are in r-representation, and a representation-
independent version is very convenient, | n,n,,-- > , where n;=0 or 1 indicates the
occupancy of the single particle state 1 (short for quantum numbers ny, etc. The notation

isterrible— n; hastwo different meanings. | decided intentionally to leave it this way.
The reader has to figure out whether occupancies or quantum numbers are under

discussion. The connection formulais W, (7., %, )= (T, %, [ n, n, ).

3. Thekinetic energy operator is = p?/2mfor asingle particle, and T= Zi p? / 2mfor

acollection of identical particles. The coordinate or r-representation, is —#°V?/2mfor a
single particle. The connection formulaisabit tricky. It looks something like

(F'[{|7) = -5(F — 7")n?V?/ 2m, but may have to be symmetrized, | didn’t check. Thereis
anice “n-representation” formulafor this operator in a many-particle system, if a specific
single-particle basis ﬂ n>} isin use,

T=> (mf|n)cic, => (mp?/2mn)c;c, . )

m,n m,n

The form obviously changes, depending on the single-particle basis chosen. Herec, is
the lowering operator or destruction operator, that reduces the occupancy of orbital n

(from 1to 0if theiinitial occupancy was 1, and multiplies | ') by 0if the initial
occupancy was 0). The operator c.isaraising or creation operator. These were defined
in HW#7. It iseasy to show that for Fermions, the operators obey anticommutation
relations {cn , c,;}s c.C,+C.C, =0,,- T0beassimple as possible, suppose the single

particle basisis plane waves, which are eigenstates of the kinetic energy. Then the

formulais
T =3 (K|p*/2mK)cic, = 3 (n%k2 / 2mfi,,
k

k
where the number operator is A, =c,/c,. Consider amany particle state which isjust a

filled Fermi surface of plane-wave states, | W) =|n,,n,,---) where 1 means k; which is



short for the quantum numbers k,o,. The occupancies ny are 1 for states with kinetic

energy /1°k?/2m lessthan 7%k.?/2m, and O otherwise. The diagonal matrix elements

are (¥|A¥) = (n,n,,[A|n,n,, ) =n, and (P[T|¥) = Z(h2k2/2m)1kwhere ngisthe
k

same Fermi occupancy. These results confirm that eq. (1) is correct in one familiar limit.
In fact, this equation is true more generally, for any many-particle operator which isa

sum of single-particle operators. An example isthe density operator o, = »_ €7 .
This operator is the Fourier transform of p z S(r —1), and takes the form
o= X (me| >cmcn @

m,n

Analogous to the discussion above of kinetic energy, let us use the plane waves as basis
functions. The operator €% has an off-diagonal matrix element connecting any basis
function (bra)| k) to the function (ket) (k +q|, wherek is as before, short for ko . Inthis
basis, therefore, eq. (2) becomes o, =Y, (k+a|€*"|K)ci,,6 =D, GG - By therules
of the raising and lowering operators (given in HW#7), one can find the matrix elements
(| o[ W) of pyin many particle states. If these states are single Slater determinants of

plane-wave states, then (\W’|p,|¥')is 1if (a) the single particle state |k) is occupied and

|k+q) isunoccupied in |¥), and (b) the single particle state |k + q) is occupied and |k)

isunoccupied in [¥) . Otherwise (W’|p,|¥)is0. Inother words, the operator

Cr,qCc changes astate | ¥') which hasthe single particle state |k) occupied and |k +q)
unoccupied, into a state | ") with the reverse occupancies.

4. Operatorsthat act on two particlesat atime. The main example isthe Coulomb
interaction. This can be written as the sum of products of s ngl eparti cle operators,
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The operators ,5q and ,Qq have the explicit form of eq. (2) in any onepartlcle basis set.
Therefore, in the plane-wave basis we have

=3 Z Z G 2 G

Whilein agenerd basswe couId erte

=Z Z< )ewCr 2 (e mesc,

Actualy, thereisan error in the second and third versions of eg. 3 which propagated into
the subsequent equations, namely, the i # | restriction wasignored. An incorrect self-

interaction was added. When thisisfixed, and the anticommutation relations of Fermion
operators is used, we find the correct formulas are
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n’)(m[e™"|n)c,,C,C.Cy (5)
These two formulas can be regarded as exampl esof agenera formula

M=t >

mnmn

where in r-space, the matrix element is
<mm Coulorrb|nn _[Idrdr I//m( ,) :1( )|r I//n( ) n’(r,)' (7)

The formulas (6) and (7) represent the general solution to the question of how to
represent atwo-particle operator in terms of the many body basis functions writtenin a
particular single-particle basis.
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5. Hartree-Fock theory. The aim of HF theory isto find the single particle orbitals |n)
for which the Slater determinant |¥') (with N orbitals | n) occupied,
|¥)=[11,---1,0,0,--)) hasthe lowest energy E =(¥|H|¥). For states |¥)of thistype,
the diagonal expectation value of the single-particle part of the Hamiltonian (an operator
likeeq. (2) or (2)),

H=Y h=Y lp?12m+v ()= > (mhin)c;c
is zero except for termswith m=n. Thisis because the state cr;cn| ‘P) is orthogonal to
|¥) unlessm=n. Thus we can write for such a Hartree-Fock state,

(¥R, ¥) =3 (nhin)(¥[eic,[¥) = 37 (n[p® /2m+V (F)n) ®)
Similarly, the diagonal expectation value of the two-particle part of the Hamiltonian
involves the quantities (‘¥ [c;.c..c,c,|¥). But ccrc.c,|¥) isamost always orthogonal

m’ ~m™~n™~n’

to |¥'), unless the same two states n, n"that are destroyed, are recreated. Thusthe pair
n,n” and the pair m, m must be the same, which can happen two ways. Either (a) m' =
and m=n, inwhich case c;c,c.c,|¥)=|¥), or else(b) m'=n and m=n’, inwhich

n"~n ~nn’

case ¢ cc,C,|¥)=—¥). Theopposite signs, reflecting the Pauli principle, come from

n~n'~n>n’

the anticommutation relations of the operators. Thus we can write
<lP | HA int| lP> = Z [< n’nl\/COU|On’b| n/n> - <nn’ ’ >] (9)

Of course, these same two equations (8,9) are normally derived not by using second
guantized notations, but from Slater determinants directly. The Hartree-Fock equations

follow if we seek the orbitals |n) which minimize the total energy expectation value, the

sum of egs. (8) and (9), under the constraint of ortho-normalization. A dlightly different
view of Hartree-Fock theory isin the notes on Mean Field Theory.




