PHY 555 Fall 2007 HW #3
Answers

1. Impurity vibrations — localized mode. The picture illustrates the simplest /d
model of lattice dynamics with a mass impurity. The chain is infinitely long, and
has a mass m at the origin, while all other atoms have mass M. Ziman discusses
the impurity problem in a nice general way. Here is an alternate specific case.

MKMKmKMKM:

a. The normal modes of the perfect lattice are no longer exact solutions.
However,sa particular solution u, = Asin(Qf Jexp(—iot) (formed as the

“odd” superposition of two Bloch states Q and —Q) is still a normal mode,
with its frequency unperturbed from the perfect chain value. Prove this.
Ziman’s method shows how most of the modes (V-7 in an N-atom chain)
are essentially unshifted in frequency. This result shows that N/2 are
completely unaffected.

b. Try to find a solution which is localized around the mass defect.

Specifically, youcan try u, = A(—— I)E exp(— a(f[)exp(;— ia)t]. Show that
exactly one such solution exists (and only when m<AM). Find the values of
the frequency @ and decay constant ¢ in terms of m/M. Show that the
frequency lies above the top of the spectrum of the perfect chain. This
agrees with Ziman’s result, and illustrates the important fact that localized
modes can bind at impurities, and occur only in gaps in the unperturbed
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2. Impurity vibrations — scattering amplitudes. For the same model, and for arbitrary
values of m/M, find the reflection and transmission amplitudes » and £, of Bloch waves.

Specifically, let |Q> denote a Bloch state with u, = (f ‘Q) = exp(iQf). A Bloch state |Q>
is assumed to be incident from the left on a mass impurity m at £ = 0. The wave

component reflected to the left is #|-Q>, and the wave transmitted to the right is 7{0>.
Thus the candidate vibrational state has the form |A>=|Q>+r|-Q> for sites £ to the left

of /=0, and |A>=¢|Q> for sites to the right. To match smoothly at £ =0, we can
choose 1, = (0|A) =1+r =¢. Find formulas for r and # in terms of m/M and Q or wy.

Show that the transmitted amplitude goes to 0 at the top of the spectrum wp=Opu=4K/M,

that is, there is complete reflection, unless m=M. Show also that energy conservation
[r|*+|t|*=1 holds.
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3. Velocity correlation function (classical limit). Evaluate the Fourier
transform of the velocity correlation function:

G(a))=algldlei"”g<v(?a,r)v(z’a,0)>

for a harmonic crystal in d=3. You may use the methods explained in the
“phonon notes” posted on the course web page, and you may use the classical
approximation. The brackets < mean a statistical average. Show that the result
for G(®) has something to do with the density of phonon states. You may use the
identity
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